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Abstract
While undergraduate inquiry-based texts in number theory share similar approaches with respect
to learning as the embodiment of professional practice, this does not entail that these texts all
operate from the same fundamental understanding of what it means to learn mathematics. In this
paper, the instructional design of several texts of the aforementioned types are analyzed to assess
the theory of learning under which they operate. From this understanding of the different theories
of learning employed in an inquiry-based mathematical setting, one can come to understand the
popular model of what it is to learn number theory in a meaningful sense.

Keywords: Number theory, inquiry-based learning, instructional design, behaviorism,
cognitivism, constructivism

Inquiry in Inquiry: A Classification of the Learning Theories Underlying Inquiry-Based
Undergraduate Number Theory Texts
Section I: Introduction
Texts are never written in isolation; each is composed of a myriad of assumptions, both
explicit and implicit. These foundational suppositions are of especial import when considering
academic instructional texts as they are the lens through which students of the text interface with
the material therein. The perspective and presentation offered by the author(s) inevitably shape
the manner in which the reader views the content of what has been written.
One such influential factor in academic texts is the theory of learning under which the
author operates. A theory of learning “attempt[s] to explain all factors involved as an individual
grows in knowledge and understanding” (Cottrill, 2009, p.1) in a general sense. These theories
aim to describe such things as what learning is, how learning occurs, and the means by which
one can determine that learning has occurred. The theory of learning to which a given author
ascribes will influence the ways in which they structure their text. This is because their aim in
writing is to organize information in such a way that their reader can synthesize the content with
some degree of clarity. That is, the author of an academic text is sure to arrange their text in such
a way which they believe will promote learning. The tasks and types of information within a
given text work together toward this aim of learning. It is because of this fundamental goal of
learning to occur as the result of reading an academic instructional text that a theory of learning
is an integral component of these texts.
Despite their importance in textual construction, theories of learning are not often
explicitly stated by authors. Ertmer (1993) suggests this absence of explanation is because of a
lack of theoretical education of instructional designers. Regardless of the reason for this
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widespread lack of explication concerning learning theories, we can use a variety of textual
elements to classify the theories under which the text operates. Whether implicit or explicit, an
author’s conception of what learning is and how it can be best facilitated are revealed through the
structure of the text itself.
In “Behaviorism, Cognitivism, Constructivism: Comparing Critical Features from an
Instructional Design Perspective”, Ertmer et al. porvide a practical description of how three
major theories of learning can be realized in instructional design. In this paper, the authors
explain how each theory interprets learning and how this interpretation is reflected in the
structure of a text. For each of the three theories discussed, a list of assumptions made under that
particular theory is provided.
This paper will use the criteria laid out by Ertmer et al. in order to determine which
theories of learning are assumed in several undergraduate level inquiry-based number theory
texts. Each of the texts to be examined takes an inquiry-based approach to instruction, meaning
that “students are invited to work in ways similar to how mathematicians and scientists work”
(Artigue, 2013, p.1) thus coming to construct concepts independently, rather than merely
presenting students with information which they then apply. The emphasis in an inquiry-based
classroom setting is upon the learner’s participation in practices which mimic those of
individuals who are experts in the given field. By being immersed in these modes of professional
thought, it is believed that students will become better situated for success in the field.
While each text uses this similar approach to the manner in which content is presented,
this does not mean they use exactly the same theory of learning. The inquiry-based approach can
be manifested in many ways meaning that various theories of learning may be realized while still
incorporating this approach. Three inquiry-based texts will be examined, rather than texts which
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employ more traditional methods, in order to determine whether these texts all operate within
similar theories of learning. While all of these texts emphasize active student involvement in
professional practices, this does not entail that they agree with respect to the manner in which
this is played out in practice.
After a brief introduction to each theory of learning and their manifestation in
instructional design, each text will be examined to determine which theory of learning is most
closely embodied in its structure. For each text, a brief introduction to the intended audience and
general structure of the text will be given. This will be followed by a justification of why each
text exemplifies the given theory of learning. Finally, evidence will be provided showing how
the text meets each of the instructional design criteria for the given theory of learning as laid out
by Ertmer et al.
Section II: Theories of Learning
Behaviorism
The behaviorist theory of learning holds that learning occurs through conditioned
response to stimuli. It follows that “learning is accomplished when a proper response is
demonstrated” (Ertmer, 1993, p.7) after the student has been presented with a given stimulus.
Once the student can consistently provide the proper response to a given type of problem, they
can then be said to have learned the content of that problem type. Instructional design is
especially significant with respect to this theory of learning as “the arrangement of stimuli and
consequences within the environment” (Ertmer, 1993, p.7) are determinate of how the student
will learn the information. As the response to given stimuli is the marker of learning, it is
incredibly important that the stimuli are structured in such a way that the desired response is
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elicited. The specific assumptions which Ertmer et al. hold to be integral to the behaviorist’s
structural design are as follows:
1. An emphasis on producing observable and measurable outcomes in students
[behavioral objectives, task analysis, criterion-referenced assessment]
2. Pre-assessment of students to determine where instruction should begin [learner
analysis]
3. Emphasis on mastering early steps before progressing to more complex levels of
performance [sequencing of instructional presentation, mastery learning]
4. Use of reinforcement to impact performance [tangible rewards, informative
feedback]
5. Use of cues, shaping and practice to ensure a strong stimulus-response association
[simple to complex sequencing of practice, use of prompts]
Cognitivism
Under the cognitivist theory of learning, an emphasis is placed on the learner’s individual
metacognitive assimilation of the content to be learned. This active involvement of the learner in
the learning process stems from the notion of learning as “equated with discrete changes between
states of knowledge” (Ertmer, 1993, p. 11). The focus under this theory is on the learner’s
“cognitive orientation” (Ertmer, 1993, p.11) meaning that instruction should change “the learner
by encouraging him/her to use appropriate learning strategies” (Ertmer, 1993, p.12) within a
given context. That is, the way in which the learner makes sense of various concepts is highly
individual, yet guided toward an appropriate form. Cognitivists are thus concerned with
individual understanding, yet balance this with targeted learning objectives. Ertmer et al.
describe the assumptions made by cognitivists within instructional design are:
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1. Emphasis on the active involvement of the learner in the learning process [learner
control, metacognitive training (e.g., self-planning, monitoring, and revising
techniques)]
2. Use of hierarchical analyses to identify and illustrate prerequisite relationships
[cognitive task analysis procedures]
3. Emphasis on structuring, organizing, and sequencing information to facilitate
optimal processing [use of cognitive strategies such as outlining, summaries,
synthesizers, advance organizers, etc.]
4. Creation of learning environments that allow and encourage students to make
connections with previously learned material [recall of prerequisite skills; use of
relevant examples, analogies]
Constructivism
The constructivist theory of learning places a strong emphasis on the contextualization
and construction of knowledge. This emphasis stems from the constructivist’s view of “the
learner as more than just an active processor of information; the learner elaborates upon and
interprets the information given” (Ertmer, 1993, p.19). This is because this theory “equates
learning with creating meaning from experience” (Ertmer, 1993, p.18) at the individual level.
Thus, under this theory, learners most effectively learn material when they bring significance to
it of their own accord, rather than being plainly or dryly told the objective relevance of a given
concept. Despite the highly individual focus of this theory, the design of instruction is still vital
to the learning process as the experiences a student has with the text will inform their
interpretations. According to Ertmer et al. the foundational principles present in the instructional
design of the learner are:
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1. An emphasis on the identification of the context in which the skills will be learned
and subsequently applied [anchoring learning in meaningful contexts].
2. An emphasis on learner control and the capability of the learner to manipulate
information [actively using what is learned].
3. The need for information to be presented in a variety of different ways [revisiting
content at different times, in rearranged contexts, for different purposes, and from
different conceptual perspectives].
4. Supporting the use of problem-solving skills that allow learners to go "beyond the
information given." [developing pattern-recognition skills, presenting alternative
ways of representing problems].
5. Assessment focused on transfer of knowledge and skills [presenting new
problems and situations that differ from the conditions of the initial instruction].
Section III: Textual Analysis
Number Theory Through Inquiry
Introduction to the Text
Number Theory Through Inquiry is an undergraduate level inquiry-based number theory
text which specifically emphasizes independent mathematical reasoning. The authors describe
the primary goals of the text as helping students to “develop independent mathematical thinking
skills” as well as “understand the fundamental ideas of number theory” (Marshall, 2007, p.1).
These goals are practically accomplished primarily through theorems which are given as
statements and then left to the student to prove formally. These theorems are supported by
definitions, questions, and exercises. Definitions are straightforward technical explanations of
various mathematical terms. Exercises provide practical numerical support for the abstract
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concepts presented in the theorems. Questions are typically anticipatory or open-ended in nature.
That is, they prompt students to predict mathematical patterns before they have been formally
introduced, or ask students to extend their thinking about a concept which has already been
introduced. While the structure of the text is largely centered around the abstraction of concept
via proof of theorems, it begins in a general enough manner that accommodates a wide range of
college students with interests in mathematics.
Justification of Constructivist Theory Selection
The emphasis of this text upon the development of students’ independent thinking skills,
is indicative of an underlying constructivist theory of learning. This emphasis exemplifies the
creation of meaning and active processing of content by the learner which are cornerstones of the
constructivist’s approach to instructional design (Ertmer, 1993). The authors describe
mathematics as a “participatory sport”, an essential part of which is “making mistakes and
making adjustments” (Marshall, 2007, p.1) in order to hone in their abilities. Through this, we
see that metacognitive evaluation is expected of the student. As they progress through the text,
they should be continually monitoring their understanding and misunderstanding of various
concepts. It is thus the responsibility of the student to interpret the text’s content in light of their
own understanding. The learner actively interprets the text through their own understanding thus
making judgments about the significance of various claims, rather than having an interpretation
passed down to them by the authors.
While the involvement of the learner is also emphasized in the cognitivist theory of
learning, the design of this text lacks focus on the application of prior knowledge and
specification of learning objectives with respect to content, which are integral to the theory.
Students are encouraged to connect with previously learned material as the structure of the text is
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progressive; however, this connection is freely made by the learner rather than passed down by
the authors. When approaching theorem proofs in this text, students are free to use any of the
previous concepts they have learned, rather than being boxed into specific contextual
connections. It is because of this freedom of connection and interpretation that this text does not
primarily fall into a cognitivist framework of learning.
Similarly, the behaviorism cannot be the theory of learning which underlies this text as
the authors’ goal is not to elicit specific responses from students, but rather to encourage students
to approach mathematical in a general sense. Instead of being conditioned to provide particular
proofs to various theorems, students of this text are given the freedom to solve problems in any
manner which is intuitive to them, given that their method is logically and mathematically sound.
Again, the emphasis in this text is on the active involvement of the student in the mathematical
problem-solving process, meaning that the behaviorist theory of learning has not primarily
informed the construction of this text.
Fulfillment of Constructivist Instructional Design Criteria
1. An emphasis on the identification of the context in which the skills will be learned and
subsequently applied [anchoring learning in meaningful contexts]
This assumption is most notably evident through the structure of the text which surrounds
the problems. Each chapter begins with an introduction, which provides an overview of the
content covered in the particular chapter as well as various applications of that content, and ends
with a conclusion which details the historical context of the material which has been presented.
Blocks of text are also interspersed within each chapter in order to contextualize each subsection
of the chapter. It is through this textual structure that the student is primed with the situational
information needed to address the various problems of the chapter.
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The introduction to each chapter is especially important to this orientation as it provides a
broad sketch of the topics and questions to be addressed in that particular chapter. Rather than a
simple list of topics and questions, these introductions are framed as narratives of thought in
order to ease the student into the content of the chapter. This is exemplified by the introduction
to the second chapter which covers properties of prime numbers. The authors do not begin with a
series of introductory questions, but instead explain why mathematicians are interested in prime
numbers. They explain that in order to understand mathematical structures, mathematicians
“break things down into pieces, describe the most basic pieces, and then describe how those
pieces are assembled to create a whole” (Marshall, 2007, p.28). It follows that primes are of
substantial interest to the mathematician as they “cannot be broken down into smaller pieces
through multiplication” (Marshall, 2007, p.28). From this explanation, the student is not only
introduced to the material in the chapter, but they also gain an understanding of why this material
is important to the overall study of mathematics. By situating them within a broader
mathematical context, the introduction helps the student to find meaning within the problems of
the chapter.
This trend of contextualization is continued through each chapter by providing similar
introductions to the subsections within a particular chapter. These introductions are much more
concise than the chapter introduction and are more focused on the mathematical context of a
particular theorem, or set of theorems, with respect to the topic of the chapter, rather than
situating the subsection within mathematics broadly speaking. Through these introductions, the
student is continually kept aware of the significance of the abstract work they are doing.
At the end of each chapter, the student’s contextualization is extended from mathematical
structure alone to situation within a historical structure as well. By placing the concepts of the
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chapter “on a historical timeline” (Marshall, 2007, p.2) the learner is able “to see threads begin in
antiquity and continue into the 21st century” (Marshall, 2007, p.2), thus grounding the material
they are studying within a broader human context. In this way, the student is not only exposed to
the mathematical connections between various theorems, but they are also entrenched in the
progression of human thought which lead to these connections. This historical contextualization
provides an additional layer of significance to the book’s content as it effectively brings abstract
mathematical content into the lives of real people. Through this human connection, the student
recognizes how the work they are doing plays a role in the larger mathematical narrative, thereby
situating them within a meaningful context.
2. An emphasis on learner control and the capability of the learner to manipulate information
[actively using what is learned]
The expected ability of the learner to make their own connections is apparent through the
open nature of theorem proof in this text. After a brief introduction to the content of the theorem,
the student is presented with a full statement of that theorem. From this, it is the student’s task to
develop a rigorous proof of the theorem. In order to construct their proof, they may use any of
the theorems or definitions previously presented in the book. Other than this restriction on source
material, the student is free to prove the theorem in any way they wish. This open structure
allows the student to make their own connections among the concepts which have been presented
to them. As there are often multiple valid ways to prove theorems of elementary number theory,
students are able to choose the method which seems the most sensible to them individually. The
lack of guidance with respect to specific proof structure necessitates the active engagement of the
learner with the material they are learning. In order to construct a valid proof, the student must
manipulate and connect various concepts of the text.
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3. The need for information to be presented in a variety of different ways [revisiting content at
different times, in rearranged contexts, for different purposes and from different conceptual
perspectives]
While theorems compose a majority of the problems in the text, exercises also constitute
a significant portion of these problems. The exercises are “often computational in nature,
illustrating the results of the previous (or upcoming) theorems” (Marshall, 2007, p.9). That is, the
material in this book is not only presented within an abstract mathematical framework but also
through the framework of computation. The student is not isolated within the realm of theory and
variables but is also brought into the tangible domain of calculation. While abstraction is vital to
their comprehension of the underlying mathematical structure within which they are operating,
presenting these concepts in a computational setting provides the student with some sense of
numerical grounding. Rather than being left with theory alone, the exercises allow the student to
understand how these relations work out with real numbers.
The text presses students to consider mathematical concepts through also through visual
mediums in addition to abstract and computational interpretations. While less common than the
theorems and exercises, students are occasionally asked to represent concepts in visual mediums.
In the exercises and questions, students are occasionally asked to graph functions, make tables,
and highlight numbers along a number line. They are then typically asked or told about the
relationships the various representations bring to light. This periodic visual representation
provides yet another conceptual perspective from which the student can come to understand the
text.
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4. Supporting the problem-solving skills that allow learners to go “beyond the information
given” [developing pattern recognition skills, presenting alternative ways of representing
problems]
The student is actively encouraged to extend their thinking beyond the information
blatantly presented to them through the questions of the text. The authors explain that questions
are intentionally left “open-ended” (Marshall, 2007, p.9), allowing the reader to expand upon
concepts of the text. The questions typically ask students to do their best to address open
questions in mathematics, give their opinion on various methodologies, predict what a result will
be, or interpret the significance of abstract results. In this way, students are pushed to think about
the broader implications of the material they are learning, rather than taking it at face value
alone. By presenting students with open questions in mathematics, students apply the skills they
have developed in novel ways in order to explore new topics. While the student may not have
generated these questions on their own, being exposed to them and being given the opportunity
to explore them allows the student to creatively connect concepts they have learned in significant
ways.
5. Assessment focused on transfer of knowledge and skills [presenting new problems and
situations that differ from the conditions of the initial instruction]
While this text does not include any explicit cumulative assessments, each theorem proof
can be thought of as such an assessment. The text is designed in such a way that each
consecutive theorem conceptually builds upon the previously presented theorems. It is through
this structure that students are compelled to retain concepts they have previously explored.
Further, by applying previous theorems to the proofs of new theorems, students come to see the
versatility of the theorem being applied. By using a single theorem in the proofs of several new
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theorems, the student comes to understand the theorem in different contexts. In this way,
theorems become useful, multifaceted tools, rather than remaining rules which they proved once
and subsequently forgot.
This is especially evident in Chapter Three: A Modular World, as many concepts from
the first and second chapters are necessary for constructing proofs regarding the properties of
modular arithmetic. For example, students must use properties of linear Diophantine equations,
divisibility, greatest common factors, and primes in order to find general solutions to linear
congruences (Marshall, 2007). From this, students must apply their previously gained skills to
entirely new mathematical landscapes. This presents these concepts in an entirely new light as
this alternative context reveals these concepts as foundational to many areas of mathematics,
rather than isolated and only useful in their respective domains. As a result of this progressive
textual structure, students constantly reapply the material they have already learned in new
settings.
A Pathway into Number Theory
Introduction to the Text
Burn’s A Pathway into Number Theory is aimed at undergraduate students with some
interest in mathematics. Though the reader of the text need not be a mathematics major, they
should have some familiarity with basic algebra, minimally at the high school level (Burn, 1996).
Further, the text contains material relevant material for individuals intending to pursue primary
and secondary mathematics education (Burn, 1996). The text has been specially developed for
use in classes in which there are no lectures (Burn, 1996). Instead, students are expected to work
through the problems presented in the text during class time. As a means towards the fulfillment
of this aim, this book has been developed in an exceptionally scaffolded and progressive manner.
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Students first work through tangible numerical examples of a given topic, then use their results to
identify patterns which can be subsequently formulated into formal mathematical theorems. That
is, the text is example-centric, using specific instances of larger theorems in order to guide the
student from numerical construction into abstract generalization of mathematical concepts.
Justification of Cognitivist Theory Selection
The text’s overall emphasis upon the student’s active structuring of information on an
individual basis points to an underlying cognitivist theory of learning. For Burn, the specificity
and order of examples utilized in instruction are integral to an individual’s comprehension of
mathematical content (Burn, 1996). The student is actively engaged in a process of inquiry
through this text, yet the outcome of this inquiry is guided by abstract generalization and a
progressive textual structure. Through this methodology, it is clear that the student is engaged in
the discovery of course content, yet their results are preordained due to the design of the text
itself. The student is free to make their own connections between various concepts, but the high
degree of scaffolding in the text guides them to a specific result.
While the behaviorist model also emphasizes progressive mastery in instructional design,
Burn’s text does not integrate strong reinforcement methods which are a staple of the behaviorist
theory of learning (Ertmer, 1993). Further, the lack of content reframing and extension indicate
that constructivism is not the underlying theory of learning in this text. As meaning is
consistently assigned to the examples in the text through generalization into theorems, yet these
answers are not paired with strong reinforcement techniques, we see that constructivism and
behaviorism cannot be the theories of learning within which Burn is operating.
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Fulfillment of Cognitivist Instructional Design Criteria
1. Emphasis on the active involvement of the learner in the learning process [learner control,
metacognitive training (e.g. self-planning, monitoring and revising techniques)]
The reader of this text is readily drawn into the learning process through the structure of
the text itself. While the text does place an emphasis on formalization and generalization of
mathematical concepts, concepts are first introduced in an “informal and specific” (Burn, 1996,
p.1) way in order to allow the student to use their own intuition to discover mathematical
relationships. Before revealing theorems as absolute, the text affords the reader the opportunity
to construct these relationships based upon what they see in the specific examples. Through this
progressive structure, the reader is indirectly engaged in the learning process. If they later come
to realize their intuition was wrong about a topic, they must return to the specific examples in
order to find the flaws in their reasoning. That is, the student must monitor and revise their
answers in order to ensure their results are consistent throughout the text.
This structure is exemplified in the second chapter of the text which explores Euler’s
function. In question 39, the student is given a general definition of the function and is asked to
find the output of the function for the first ten natural numbers (Burn, 1996). The next three
problems ask the student to use a table of values in order to find the output of the Euler function
for inputs which are specific exponentiated primes (Burn, 1996). Finally, the student is asked in
question 43 to generalize their result for inputs of any exponentiated prime number (Burn, 1996).
In this set of problems, the student uses several specific instances of the function in order to
generalize its behavior for a set of inputs.
Through this section, we see that correctly answering the questions involving specific
examples is necessary in order to understand the general behavior of the function. If the student
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obtains conflicting results in these examples, they will not be able to correctly discern the larger
mathematical relationship of the section. It is through this structural dependence that the student
must actively assess their answers for consistency. In case they do find some inconsistency, it is
their responsibility to resolve this problem by scrutinizing their previous work. Even in the
absence of inconsistency, the progressive structure of the text requires that the reader truly
understand their previous answers in order to progress through the text. This actively engages the
student in their own learning process as they must constantly call back to their previous work as
they work through subsequent problems.
2. Use of hierarchical analyses to identify and illustrate prerequisite relationships [cognitive
task analysis procedures]
The very title of the text reveals the author’s intention to structure the text in a
progressive manner. Burn calls this text the “Pathway” as it is “organized in such a way that the
‘pathway’ would climb towards the standard theorems” through the use of targeted examples
(Burns, 1996, p.1). Through this image, we come to understand that the content of the text is
arranged in a scaffolded manner. Just as one cannot begin walking halfway down a path, one
must first “walk” through the beginning problems of the text in order to arrive at the theorems
presented later in the text. The student is first presented with specific examples of a given
theorem in order that they may identify this theorem of their own accord, rather than having it
handed to them. It is through these examples that the student comes to recognize patterns which
they may subsequently generalize.
Further, through the image of the student “climb[ing] towards” the essential theorems of
number theory, we see that the nature of the text is truly hierarchical. If the student does not
recognize the significance of a given example, or set of examples, it will be difficult for them to
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progress through the text. Through this successive dependence of one problem upon the next,
Burns ensures that the student has recognized and applied the essential content of a given section
before they move on to the next section.
3. Emphasis on structuring, organizing, and sequencing information to facilitate optimal
processing [use of cognitive strategies such as outlining, summaries, synthesizers, advance
organizers, etc.]
As discussed in the previous section, the text is organized in a progressive manner in
which the discovery of the larger theorems is dependent upon the pattern recognition in specific
examples. Burn holds that this structure helps the student to synthesize mathematical content at a
deeper level than traditional texts as such texts allow the student to progress through the text
without truly understanding the mechanics which underlie a given concept. Burns describes that
when reading formal proofs and attending mathematics lectures they often felt that they “did not
understand what it was about”, despite having been attentive to the steps of the argument (Burns,
1996, p.1). While one may track perfectly well with the formal mathematical arguments, these
arguments often give one little practical insight into the relationship between abstract conception
and numerical implementation. It is because of this that Burn inverts the traditional structure of
advanced mathematics. Rather than presenting a theorem in its abstract form then applying it
both numerically and abstractly, Burn opts to present the specific examples followed by
abstraction.
While the methods described by Ertmer as listed above are not explicitly employed, they
are inherently embedded in the structure of the text itself. In order to make the transition from
example to abstraction through the process of generalization, the student must first summarize
what information they believe the examples to reveal. The very process of moving from specific
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cases to general rules essentially involves the task of recapitulation; the reader must return once
more to their previous results and critically examine them in order to reveal some commonality
or difference between them. Through this hierarchical structure, the student is actively engaged
in the synthesis and summary of the content of the text.
4. Creation of learning environments that allow and encourage students to make connections
with previously learned material [recall of prerequisite skills; use of relevant examples,
analogies]
We can view the text itself as generating an environment in which recall of prior
knowledge is not only encouraged but necessary. As previously discussed, the progressive nature
of the text fundamentally requires that the reader actively apply the material they have learned in
order to construct new ideas. The text is predicated upon the use of examples to facilitate pattern
recognition and further generalization, meaning that the student is continually immersed in
examples relevant to the larger theorem. While the examples are not explicitly practical in the
sense of “real-life” application, they are extremely relevant to the abstract landscape within
which the mathematician operates. The specific examples of abstract theorems provide the
reader with tangible evidence of the mechanics underlying abstract generalizations. While these
specific examples may not seem relevant to the average person, they are incredibly rich for an
individual studying the abstract general properties of numbers.
Discovering Number Theory
Introduction to the Text
Discovering Number Theory takes a numerically grounded approach to learning number
theory through inquiry. Each chapter of the text is sequentially constituted by a prelab, lab,
chapter summary, and set of homework problems (Holt, 2000). The prelab introduces the
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chapter’s content to the student in a fairly direct text-based manner accompanied by several
preemptive exercises through which the student will become familiar with the types of concepts
they will encounter in the section. After this introduction, the student moves into lab work. This
work is centered around the computational exploration of several research questions through the
use of a variety of software platforms (Holt, 2000). This exploration is then formalized by a
chapter summary in which the authors clearly lay out the correct answers to the research
questions (Holt, 2000). Finally, students apply these formalized concepts to a set of exercises in
the homework (Holt, 2000). These labs are specifically aimed at undergraduate students in an
upper-division mathematics course, yet require no prerequisites beyond fundamental algebra
skills and familiarity with formal proof in a mathematical context.
Justification of Cognitivist Theory Selection
As this text places an emphasis on active learner involvement, yet assigns a preestablished meaning to student’s independent explorations, the theory of learning underlying this
text is cognitivism. As discussed in the introduction, the lab of each chapter is followed by a
chapter summary in which the results students should have obtained in the lab are explicitly laid
out in a mathematically formal sense. While the student is evidently actively involved in the lab,
the ultimate designation of the meaning of their explorations is assigned via the chapter
summary. Further, the text’s progressive structure in which subsequent labs conceptually build
upon preceding labs is illustrative of the cognitivist focus the incorporation of prior knowledge
with new concepts. It is because of this focus on the explication of contextual meaning and
previously learned concepts that this text is founded upon a cognitivist approach to learning.
While the behaviorist theory of learning is also explicit in the assignment of meaning, the
theory’s trademark use of reinforcement to influence responses is notably absent in this text,
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meaning that this must not be the underlying theory of learning assumed by the text. Further, this
direct presentation of the meaning of students’ exploration indicates that the text is also not
operating under a constructivist framework as this theory maintains that meaning is assigned by
the students themselves.
Fulfillment of Cognitivist Instructional Design Criteria
1. Emphasis on the active involvement of the learner in the learning process [learner control,
metacognitive training (e.g. self-planning, monitoring and revising techniques)]
The reader is primarily engaged in the learning process through the labs of the text. In the
labs, students actively and independently investigate research questions through the use of
various technologically based computational platforms. Instead of rotely presenting theorems
and their proofs as is standard in traditional texts, this text presses students to discover these
results through their own investigations. These investigations occur through the examination of
data as the student uses a “computer to generate numerical data and to use this data as a guide for
forming conjectures” (Holt, 2000, p.xi) which provide answers to the research questions they are
investigating. That is, the student must be able to use a given set of software analysis tools in
such a way that provides them with data that is both relevant and enlightening with respect to the
given research question. In this process of investigation, the student must continually reflect
upon their results in order to discern numerical relationships within their datasets.
The lab work is followed by a chapter summary. This summary primarily consists of
mathematically formal answers to the research questions answered by the students in the lab.
Through this explanation, the student can assess their answers in a significant capacity. In this
process of comparison, the student is actively involved in the reflection and revision of their
work. This process presses the student to consider their work in a metacognitive sense; rather
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than completing the lab, turning it in, and subsequently releasing all memory of it the chapter
summary ensures that the student deeply engages with on the work they have completed. It is
this combination of independent exploration supported by expert explanation which draws the
reader of the text into a genuine exercise of metacognitive contemplation.
2. Use of hierarchical analyses to identify and illustrate prerequisite relationships [cognitive
task analysis procedures]
The illustration of prerequisite relationships is primarily evident through the transition
between the prelab, lab, and homework as well as within the structure of each section itself. The
prelab introduces the concepts of the chapter in a general sense. This primes the student with the
necessary definitional and computational exposure to be successful in their lab investigations.
Further, the lab investigations help the reader become familiar with the material they need to
successfully complete the homework. In this movement from prelab to lab to homework, the
student is gradually pressed to pursue the content of the text at deeper and more complex levels.
In addition to this macroscopic hierarchy of each chapter, the aforementioned lab sections
present concepts in a progressive manner giving rise to sub-hierarchies of information. The labs
begin with simpler research questions which become more complex through the course of the
lab. For example, the lab which explores modular congruences begins with an exploration of the
outputs of congruence relations, then progresses into the properties of modular arithmetic (Holt,
2000). Through this progression, the student is able to independently identify and build upon
mathematical relationships. This structured inquiry helps the reader to recognize and understand
the key concepts of the text.
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3. Emphasis on structuring, organizing, and sequencing information to facilitate optimal
processing [use of cognitive strategies such as outlining, summaries, synthesizers, advance
organizers, etc.]
In each unit, the student is introduced to the material through definitions and exercises in
the prelab. This unit sets the mathematical scene for the student; through it, they are mentally
oriented in such a way that prepares the student for the in-depth investigation to be completed in
the lab section. This lab, in which students explore the content in a robust manner from both
numerical and abstract investigations, immediately follows the prelab. As they work through the
research questions in the lab, students are not thrown straight into complex mathematical
exploration, but rather are eased into this exploration through their exposure to the chapter’s
content from the prelab.
The lab is followed by a chapter summary and a homework set. The chapter summary
clearly lays out the results which should have been obtained by the student through the lab. As
previously discussed, the labs allow the student to explore course material independently while
the chapter summary provides the student with a more traditional and straightforward explication
of the chapter’s content. This summary outlines the concepts which the students should have
developed in their lab work. Further, the lab concepts are presented in a precise and formal
mathematical manner in order to resolve any uncertainties students may have had with respect to
their answers to the research questions of the lab. Through this process of resolution, the student
is provided with a framework within which the student is supported in synthesizing concepts
developed in the lab.
The exercises in the homework give the student the opportunity to extend their results to
problems involving both computation and proof. While the chapter summary provides the
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student with the opportunity to synthesize the content of the research questions, the homework
problems give them the opportunity to synthesize the context of these concepts. This interplay of
clarification and extension of the mathematical relationships being explored allows the student to
obtain an understanding of the content itself as well as practice its application.
The framework of this particular text is especially gradual; it does not immediately
confront students with a sequence of questions, but rather supports the exploration of these
questions with both pre and post activities. It is through this structural sequence of introduction,
investigation, review, and extension that the student is led through the material in such a way that
combines both independent discovery and formal explanation. This scaffolded progression
allows the student to recognize, synthesize, and apply significant concepts in a guided setting.
4. Creation of learning environments that allow and encourage students to make connections
with previously learned material [recall of prerequisite skills; use of relevant examples,
analogies]
In this text, students primarily make connections with previously learned material
through the homework. In this section “students apply the results of the Research Questions”
(Holt, 2000, p.xii) which they explored in the preceding lab. The reader of this text is not
presented with theorems in isolation but rather is provided with the opportunity to explore the
significance of these theorems in a larger mathematical context. Through this, the student is
pushed to extend their understanding of the chapter’s content by establishing broader contextual
relationships between mathematical concepts. The homework provides an explicit platform upon
which the student can use their newly gained mathematical insights, as discovered in the lab, in
order to construct further relationships. The student is given the space in which to directly
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implement the results of their lab work, which subsequently brings a further degree of relevance
to these results.
Section IV: Concluding Remarks
As shown in the above analysis, not all inquiry-based texts in undergraduate number
theory operate under the same theory of learning. It has been argued that Number Theory
Through Inquiry operates under a constructivist theory while A Pathway into Number Theory
and Discovering Number Theory operate under cognitivist theories. This difference is largely a
result of the former text’s focus on the learner as responsible for the creation of meaning with
respect to content while the latter texts assign this meaning for the learner. Despite these
differences, all thee texts share an emphasis on the active involvement of the learner in the
learning process and reflect this value in their instructional design.
While the cognitivist and constructivist theories of learning are represented in these texts,
the behaviorist theory is notably absent. This is most likely because the behaviorist theory of
learning is not intuitively compatible with the aim of inquiry-based learning. As discussed in the
introduction of this paper, inquiry-based learning is largely focused upon the involvement of the
learner in the practices of professionals in the field of study. This requires the participation of the
learner in activities of which mirror those of professionals; however, the practices of
professionals in the field of mathematics are largely open-ended meaning that the behaviorist
model of producing the correct response to stimuli is difficult to incorporate. That is, the
activities of professional mathematicians are typically oriented toward theoretical and practical
problem-solving strategies, rather than responses alone. While it is not impossible to reconcile
behaviorism and inquiry-based learning, this pairing is not likely to arise in the absence of
explicit intention.
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This study has focused upon inquiry-based texts in the subfield of number theory, but
there is great potential for this analysis to be extended across any number of subfields in
mathematics which employ inquiry-based frameworks. The extension of this analysis to other
areas of mathematics has the potential to be exceptionally informative as it would provide
mathematicians with a broad understanding of the underlying assumptions made about learning
in a number of contexts. Obtaining an understanding of the learning theories utilized in inquirybased mathematics texts as a whole will provide mathematicians, and more specifically
mathematics educators, with a grasp of the larger presuppositions regarding how learning occurs
in inquiry-based mathematics settings.
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Appendix A
The Faith of Absurd Scholarship
“The struggle itself toward the heights is enough to fill a man’s heart. One must imagine
Sisyphus happy.”
-Albert Camus, The Myth of Sisyphus
It's really nice, don't get me wrong. I mean who wouldn't want to believe that there is
order, that there's a plan, that someone out there in the great wide somewhere who can provide us
with some objective meaning? It's nice, compelling even, but for me, at this time, nice is all it is.
I was raised in this comfort, brought up believing this was the way, the truth, the life. In
my youth, the stories were handed down to me and I was told of the sacred relationships held
therein. My entirely Christian education reinforced my feelings of ultimate belonging in the
Christian tradition and instilled in me a sense of certainty regarding the teachings of the Church.
I was brought up believing there was but one solution to this life and all others who refused this
truth would spend an eternity in despair.
This message of objective Christian truth came crashing down upon me in my sophomore
year of high school. I was equipped with neither the intellectual nor the spiritual toolset
necessary to confront theological ambiguity. When I was tossed into the ring where Calvin and
Augustine clashed over predestination, I found myself knocked out immediately. Suddenly
certainty vanished and all was called into question. What’s the point of existing if God already
planned everything? Why did God even create in the first place? How do I know that God exists?
I found myself feeling fallen from grace and cut off from the only sense of belonging I had ever
felt.

While my doubt began in theology, it soon bled into every extent of my once confident
knowledge base. I descended into an epistemic dilemma: what is there that can be not doubted? I
sat in this despair unguided and isolated. While I initially internalized this skepticism, I soon
found another who faced this ambiguity: Rene Descartes. Through his First Meditation, I came to
see my doubt validated as a rational philosophical concern. Through his work, I came to see
myself as “a thing which thinks” and was no longer so estranged from intellectual existence
(Eaton, 1955, p.99). Though my own existence came to light, I still lacked the rest of the world.
In the midst of all this doubting, I came to wonder what the point of existence could
possibly be in such a situation as ours. Fortunately, I found my philosophical despair
reciprocated in The Myth of Sisyphus. From his opening line, Camus validated the rationality of
my yearning for freedom from uncertainty. Finally, another voice, claiming so proudly what I
held so secretly, that “there is but one truly serious philosophical question, and that is suicide”
(Camus,1990, p.1). Camus explains that “what is absurd is the confrontation of this irrational
[world] and the wild longing for clarity whose call echoes in the human heart” (Camus, 1990,
p.21). This was the exact position in which I found myself. While I yearned for some sort of
answer to the meaning of this existence, I found myself situated in a world wherein this end is
apparently unachievable.
I held onto my feelings of absurdity as I entered into my undergraduate career. While still
rooted in a Christian institution I finally found belonging within academic community,
particularly so within my University Scholar’s cohort. Rather than stowing away my inquiries, I
could now ponder these questions supported by the solidarity of my peers. From formal
classroom discussions to late-night melodramatic philosophical musings in dorm rooms, I was
suddenly surrounded by people facing the same disillusionment of the world. As a cohort, we set

out to grapple with the texts set before us and to try to make some sort of sense out of what we
saw as the mess of existence.
I found my anxieties of this life brought to life yet again in Augustine’s Confessions. He
too felt that “incredible intensity of desire [as he] longed after immortal wisdom” and came to
the conclusion that “men had not the strength to discover truth by pure reason and therefore we
need the author of Holy Writ” (Foley, 2006, pgs. 41, 101). I longed to return to the tradition I had
forsaken. I longed once again for that outrageous faith in divine purpose. While I did not resist
the assertion that humans are unable to uncover that which is, I felt the jump to Holy Writ a bit
hasty. I returned once more to Camus and resonated with his description of this response to the
absurd as a “philosophical suicide” (Camus, 1990, p.21). I was ready for the intellectual rest
Augustine offered me, but I felt this acceptance would be a failure on my behalf to truly wrestle
with this uniquely human discomfort. I decided to persist in the midst of ambiguity, still in full
doubt of the world and my place within it.
As I continued in my education, I came to a greater understanding of the complete
subjectivity of this existence. For the majority of my inquiries up to this point, I strove for the
Cartesian standard of knowing: absolute certainty. Gradually, through the texts in Modernity and
recently in Polanyi’s Personal Knowledge, I have come to accept that I inevitably see the world
from my own perspective. I am utterly entrenched in my implicit and explicit perceptions. I am
simply unable to burn away this self and reach some sort of pure external perspective.
In the midst of these philosophical uprootings, I found myself continually drawn to the
sciences. From a young age, I was absolutely taken with the world around me. From collecting
rocks and plants to hiding away small animals as pets, most of my time as a child was spent
studying the natural world through simple play. It was not until middle school that I came to

seriously study the sciences. At the time, I was primarily intrigued by marine biology and
geology. These disciplines dominated my academic passions until I was introduced to physics
and mathematics in high school. I cannot explain why I initially came to love these disciplines; I
simply fell into them.
In my initial explorations of mathematics, I adopted the common regard of the field as the
champion of objectivity. Mathematics is widely revered by the layman and expert alike as the
means through which we epistemically disadvantaged beings may gain some glimpse of
objectivity. Minimally, it is taken to be at least true in some sense as it allows us to arrive at
internally valid forms of truth. Maximally, is revered as a black box through which the geniuses
of the ages derive some fundamental facets of the universe. In both senses, mathematics is
treated reverently, this reverence stemming from a belief that mathematics allows us to arrive at
some form of objective truths.
It is almost laughable to me now how naive and prideful a view this is. As I deepened my
study of logic in my undergraduate career, I came across Kurt Gödel’s Incompleteness
Theorems. Contrary to this popular conception, the Incompleteness Theorems reveal the
underlying fragility of mathematics. These theorems prove that in any consistent system
powerful enough to encompass the arithmetic of natural numbers there will be statements which
can be neither proven nor disproven to be true. Further, they show that the axioms of any such
system cannot be shown to be consistent without appeal to another axiomatic set. That is, while
we know how to do many things with the counting numbers, we cannot describe all of those
things given a single set of rules. This is all to say that mathematics is not the flawless system it
is often championed to be; rather, there are potentially fatal inconsistencies embedded within this
system only waiting to be revealed.

What do we do in light of this fragility? I propose that we take a leap of faith. Certainly,
it would be far-fetched to abandon the mathematical project as a whole. One can simply look to
the world around oneself to see how ridiculous an abandonment of mathematics would be. The
impact of mathematics on the functioning of our lives is extraordinarily obvious. Simply because
an inconsistency in the theory has been found does not mean that the technologies we have
developed and the practical systems that have been put into place will cease to function. Further,
the theorists are not left without hope of reclaiming their abstractions, as they can always return
to their foundations, revise them, and forge on in new directions.
For me at this moment, Gödel’s theorem reveals the study of mathematics as a profound
realization of the absurd. We know we cannot know everything at once from a singular axiom
base, yet we do not stop trying to know as much as we are able. I do not believe anyone has
suggested we abandon mathematics as a discipline simply because we can never wholly distill it
into a compact form. We go on trying to know as much as we can and make connections where
we are able, simply because we find it interesting. And so it is with the absurd life. One is caught
in the tension between the yearning for knowledge and an inability to ever obtain satisfaction.
In light of this absurdist outlook, my primary capacities as a scholar are the modes of
discovery and integration as laid out by Ernest Boyer. While in the mindset of discovery, the
scholar asks questions like “What is to be known? What is yet to be found?” (Boyer, 1990, p.19).
This function is the primary manifestation of my absurd scholarship. While all can never be
known, indeed if anything can be known, I continue in the act of discovery in order that I may
find satisfaction in my work. Along with this is the act of integration which seeks to make
“connections across the disciplines” and bring to light new insights through the recognition of
patterns and commonalities between previously unrelated ideas (Boyer, 1990, p.18). One may

discover as many facts as they wish, but without the contextual work of the integrative scholar,
these results have no true weight in one’s larger mental frameworks. Discovery provides the
material through which one comes to change while integration is the act by which this change is
actualized in the individual.
In this essay, I have set out to reconcile my faith and my scholarship, yet I ask what is my
scholarship but faith? Faith not in ultimate revelation, but faith that there is more to know, faith
in changing, faith in finding some satisfaction in this toil. I am hesitant to use words like
“refinement” and “growth” to describe this faith as I am not certain time and inquiry imply
improvement, but I will certainly undergo some type of alteration with continued effort. Here I
turn back to Camus’ paramount question: why keep living this absurd existence? My only reply
is because it seems interesting and pursuing this interest brings me joy. In this at least, I have
faith.

